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This paper deals with asymptotic behavior of solutions to a heat system with absorptions
and coupling positive multi-nonlinearities. It is known that although absorption mecha-
nisms may affect such as blow-up criteria, blow-up time, and initial data required for
blow-up solutions, they cannot change blow-up rates of solutions in general. It has been
reported in the current literature that blow-up rates for scalar equations with absorptions
are all absorption-independent. In a previous paper of the authors, four absorption-
independent simultaneous blow-up rates were obtained already for the same problem
under weak absorptions. The present paper will furthermore prove that if the absorptions
are unbalanced in the model (i.e., the absorption is stronger for one component and weaker
for another), then there are in addition eight possible absorption-related blow-up rates
for the model, besides the four absorption-independent ones. This exposes a signiﬁcant
difference between scalar and coupled nonlinear parabolic equations with absorptions.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In a previous paper of the authors [7], multiple blow-up rates were established to heat equations with absorptions and
coupling multi-nonlinearities
⎧⎪⎪⎨
⎪⎪⎩
ut = u + vp1 − uk, vt = v + uq1 − vl, (x, t) ∈ Ω × (0, T ),
∂u
∂n
= vp2 , ∂v
∂n
= uq2 , (x, t) ∈ ∂Ω × (0, T ),
u(x,0) = u0(x), v(x,0) = v0(x), x ∈ Ω,
(1.1)
where p1,q1, p2,q2,k, l  0, Ω ⊂ RN is a bounded domain with smooth boundary ∂Ω , u0(x) and v0(x) are nonnegative
smooth functions satisfying the compatibility conditions. Nonlinear parabolic systems like (1.1) come from chemical reac-
tions, heat transfer, etc., where u and v represent thickness of two kinds of chemical reactants, temperatures of two different
materials during a propagation, etc. Various similar models were well studied also for such as critical exponents, blow-up
rates, blow-up sets and proﬁles [1–18].
The behavior of solutions of (1.1) relies on the interaction among the six nonlinear terms in the model. To realize the
blowing up solutions, the coupling inner and boundary sources must overcome the absorptions in the model. In fact, the
absorption terms are important to determine not only blowing up or not of solutions, but also the time when the blow-up
occurs and the size of initial data required by the blow-up solutions. However, it has been observed that, in general, the
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heat equation with nonlocal source and local absorption
ut − u =
∫
Ω
up(y, t)dy − uq (1.2)
was studied by Souplet as an example in [13], for which it was shown for p > q 1 with blow-up time T that
lim
t→T(T − t)
1
p−1 u(x, t) = [(p − 1)|Ω|]− 1p−1 , (1.3)
uniformly on compact subsets of Ω . Similarly, Rossi [11] obtained the blow-up rate for a semilinear parabolic equation with
inner absorption and boundary ﬂux
⎧⎨
⎩
ut = uxx − λuq, in (0,1) × (0, T ),
ux(0, t) = 0, ux(1, t) = up(1, t), in (0, T ),
u(x,0) = u0(x), on [0,1]
(1.4)
that
max[0,1] u(·, t) = O
(
(T − t)− 12(p−1) ) (1.5)
when either 1 < q < 2p − 1, or 1 < q = 2p − 1 with 0 < λ < p. Notice that both (1.3) and (1.5) are absorption-independent.
The same was shown for the more complicated multi-coupled system (1.1) in [7], where two characteristic algebraic systems
were introduced to study the asymptotic behavior of solutions to (1.1). The ﬁrst one was(−2θ1μ − (1− θ1)μ1 (1− θ1)p1 + 2θ1p2
(1− θ2)q1 + 2θ2q2 −2θ2γ − (1− θ2)γ1
)(
α˜
β˜
)
=
(
1
1
)
, (1.6)
with θ1, θ2 ∈ {0,1}, namely,
(α˜, β˜) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(α˜1, β˜1) =
(
p1 + γ1
p1q1 − μ1γ1 ,
q1 + μ1
p1q1 − μ1γ1
)
for θ1 = 0, θ2 = 0;
(α˜2, β˜2) =
(
p1 + 2γ
2(p1q2 − μ1γ ) ,
2q2 + μ1
2(p1q2 − μ1γ )
)
for θ1 = 0, θ2 = 1;
(α˜3, β˜3) =
(
2p2 + γ1
2(p2q1 − μγ1) ,
q1 + 2μ
2(p2q1 − μγ1)
)
for θ1 = 1, θ2 = 0;
(α˜4, β˜4) =
(
p2 + γ
2(p2q2 − μγ ) ,
q2 + μ
2(p2q2 − μγ )
)
for θ1 = 1, θ2 = 1,
(1.7)
where
μ = max
{
k + 1
2
,1
}
, γ = max
{
l + 1
2
,1
}
, μ1 =max{k,1}, γ1 = max{l,1}. (1.8)
In terms of (1.6) (i.e. (1.7)), the known critical exponent results of (1.1) obtained by Wang and Wang in [16] were summa-
rized in the following three propositions (Theorems 1.1–1.3 in [7]):
Proposition 1. The solutions of (1.1) blow up in ﬁnite time for the large initial data if one of the following conditions hods:
(a) α˜1, β˜1 > 0;
(b) α˜4, β˜4 > 0;
(c) p1q2 >max{μ1γ , (l + 1)/2+ q2(l − 1)};
(d) p2q1 >max{μγ1, (k + 1)/2+ p2(k − 1)}.
Proposition 2. Assume that k 1, or l 1. If 1/α˜i  0, i = 1, . . . ,4, the solutions of (1.1) are global.
Proposition 3. Assume that k, l > 1. If α˜i < 0 for i = 1, . . . ,4, then all solutions of (1.1) are global and uniformly bounded.
However, as shown by us in [7], the blow-up rates for (1.1) may be absorption-independent. This can be represented by
another characteristic algebraic system( −θ1 − 1 (1− θ1)p1 + 2θ1p2)(α
β
)
=
(
1
1
)
(1.9)(1− θ2)q1 + 2θ2q2 −θ2 − 1
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(α,β) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(α1, β1) =
(
p1 + 1
p1q1 − 1 ,
q1 + 1
p1q1 − 1
)
for θ1 = 0, θ2 = 0;
(α2, β2) =
(
p1 + 2
2(p1q2 − 1) ,
2q2 + 1
2(p1q2 − 1)
)
for θ1 = 0, θ2 = 1;
(α3, β3) =
(
2p2 + 1
2(p2q1 − 1) ,
q1 + 2
2(p2q1 − 1)
)
for θ1 = 1, θ2 = 0;
(α4, β4) =
(
p2 + 1
2(p2q2 − 1) ,
q2 + 1
2(p2q2 − 1)
)
for θ1 = 1, θ2 = 1.
(1.10)
We established in [7] four absorption-independent blow-up rates to (1.1) with blow-up time T , which were simply described
by the above (α,β) = (αi, βi) (i = 1, . . . ,4) as
c(T − t)−α  ∥∥u(·, t)∥∥∞  C(T − t)−α, c(T − t)−β 
∥∥v(·, t)∥∥∞  C(T − t)−β . (1.11)
Observe that the system (1.9) can be obtained by letting μ = γ = μ1 = γ1 = 1 in (1.6), and deﬁnitely does not depend on
the absorption exponents k and l. The absorption-independent blow-up rates in (1.11) take place when both k and l are
smaller. More precisely, with notations
σ1 = 2p2(q1 + 1) − 1
q1 + 2 , σ2 =
2q2(p1 + 1) − 1
p1 + 2 , (1.12)
σ3 = 2p2q2 + p2 − 1
q2 + 1 , σ4 =
2p2q2 + q2 − 1
p2 + 1 , (1.13)
ς1 = p1(q1 + 1)
p1 + 1 , ς2 =
q1(p1 + 1)
q1 + 1 , (1.14)
ς3 = 2p2q2 + p2 − 1
p2 + 1 , ς4 =
2p2q2 + q2 − 1
q2 + 1 , (1.15)
ς5 = 2p2q1 + 2p2 − 1
2p2 + 1 , ς6 =
2p1q2 + 2q2 − 1
2q2 + 1 , (1.16)
ς7 = p1(2q2 + 1)
p1 + 2 , ς8 =
q1(2p2 + 1)
q1 + 2 , (1.17)
the multiple absorption-independent blow-up rates were established and stated as the following two theorems (Theo-
rems 2.1 and 2.2 of [7]):
Theorem 1. Let (u, v) be a non-global solution of (1.1).
(i) If p1  σ1 , q1  σ2 , k ς1 , l ς2 , then the lower bound estimates in (1.11) hold for i = 1.
(ii) If p1  σ1 , q1  σ2 , k ς3 , l ς4 , then the lower bound estimates in (1.11) hold for i = 4.
(iii) Assume p1  σ1 , q1  σ2 .
(1) If p1  σ3 , k ς3 , l ς4 , then the lower bound estimates in (1.11) hold with i = 4;
(2) If p1  σ3 , k ς7 , l ς6 , then the lower bound estimates in (1.11) hold with i = 2.
(iv) Assume p1  σ1 , q1  σ2 .
(1) If q1  σ4 , k ς3 , l ς4 , then the lower bound estimates in (1.11) holds with i = 4;
(2) If q1  σ4 , k ς5 , l ς8 , then the lower bound estimates in (1.11) holds with i = 3.
Theorem 2. Suppose that the assumptions in Theorem 1 are satisﬁed for the cases (i)–(iv), respectively, with the additional assumption
that all the inequalities for k and l are taken as the strict ones only.
(i) If max{α1, β1} N/2, the upper bound estimates in (1.11) hold for i = 1.
(ii) If max{α4, β4} N/2, the upper bound estimates in (1.11) hold for i = 4.
(iii) (1) If max{α4, β4} N/2, then the upper bound estimates in (1.11) hold for i = 4;
(2) If max{α2, β2} > N/2, or max{α2, β2} = N/2 with p1,q2  1, then the upper bound estimates in (1.11) holds for i = 2.
(iv) (1) If max{α4, β4} N/2, then the upper bound estimates in (1.11) hold for i = 4;
(2) If max{α3, β3} > N/2, or max{α3, β3} = N/2 with p2,q1  1, then the upper bound estimates in (1.11) hold for i = 3.
Recently, an interesting phenomenon was ﬁrstly observed by us that the absorption mechanisms may affect the blow-
up rates for some coupled system with unbalanced absorptions [10,18], substantially different from scalar equations with
absorptions, e.g., (1.2)–(1.3) and (1.4)–(1.5) (see [11,13]). A natural question is: besides the four absorption-independent
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tem (1.1)? In the present paper we will give a positive answer to this question. For simplicity, we only consider the one
dimensional case of (1.1), namely,
⎧⎪⎪⎨
⎪⎪⎩
ut = uxx + vp1 − uk, vt = vxx + uq1 − vl, (x, t) ∈ (0,1) × (0, T ),
ux(1, t) = vp2 (1, t), vx(1, t) = uq2 (1, t), t ∈ (0, T ),
ux(0, t) = 0, vx(0, t) = 0, t ∈ (0, T ),
u(x,0) = u0(x), v(x,0) = v0(x), x ∈ [0,1],
(1.18)
with u′0, v ′0  0, u′′0 + vp10 − uk0, v ′′0 + uq10 − vl0  0 in (0,1). Notice that there are four positive couplings in (1.18) (or (1.1)),
namely, inner source coupling between uq1 and vp1 , boundary source coupling between uq2 and vp2 , and two cross cou-
plings uq1–vp2 and uq2 -vp1 . Under weak absorptions with both k and l smaller, any one of the four positive source couplings
may dominate the system to make blow-up solutions. That is why there are four possible absorption-independent blow-up
rates for (1.11) described in Theorems 1 and 2. It would be reasonable that if the absorptions are unbalanced with k larger
and l smaller (or conversely), then there may be exactly eight absorption-related blow-up rates to (1.1) under eight possible
coupling source dominations!
Recall that the four absorption-independent blow-up rates (1.11) were described by the system (1.9), which can be
obtained by letting μ = γ = μ1 = γ1 = 1 in the system (1.6) when both k and l are smaller. If positive sources overcome
the absorptions with k properly large and l small, we will get four k-related ones from (1.6) and (1.8) that
(α,β) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(αk1, βk1) =
(
p1
p1q1 − k ,
k
p1q1 − k
)
;
(αk2, βk2) =
(
p1
2(p1q2 − k) ,
k
2(p1q2 − k)
)
;
(αk3, βk3) =
(
2p2
2p2q1 − (k + 1) ,
k + 1
2p2q1 − (k + 1)
)
;
(αk4, βk4) =
(
p2
2p2q2 − (k + 1) ,
(k + 1)/2
2p2q2 − (k + 1)
)
.
(1.19)
Exchanging the roles of k and l, we will also have four l-related ones
(α,β) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(αl1, βl1) =
(
l
p1q1 − l ,
q1
p1q1 − l
)
;
(αl2, βl2) =
(
l
2(p2q1 − l) ,
q1
2(p2q1 − l)
)
;
(αl3, βl3) =
(
l + 1
2p1q2 − (l + 1) ,
2q2
2p1q2 − (l + 1)
)
;
(αl4, βl4) =
(
(l + 1)/2
2p2q2 − (l + 1) ,
q2
2p2q2 − (l + 1)
)
.
(1.20)
Let (u, v) be a solution of (1.18) with blow-up time T , σ1, . . . , σ4, ς1, . . . , ς8 deﬁned by (1.12)–(1.17). We state the main
results of the paper in the following two theorems for k-related and l-related blow-up rates respectively:
Theorem 3.
(i) If p1  2p2 − 1/q1 , q1  σ2, ς1 < k < p1q1/max{l,1}, then blow-up rate estimate (1.11) holds with (α,β) = (αk1, βk1).
(ii) If p1  2p2 − 1/q2 , q1  σ2 , ς7 < k <min{p1q2/max{ l+12 ,1}, p1(2q2 − q1)}, then (1.11) holds with (α,β) = (αk2, βk2).
(iii) If p1  σ1 , q1  σ4 , ς5 < k <min{2p2q1/max{l,1} − 1,2p2q1/l − 1}, then (1.11) holds with (α,β) = (αk3, βk3).
(iv) If ς3 < k <min{2p2q2/max{ l+12 ,1} − 1,2p2(2q2 − q1)− 1} with p1  σ1, q1  σ2 or p1  σ3 , q1  σ2 or p1  σ1 , q1  σ4,
then (1.11) holds with (α,β) = (αk4, βk4).
Theorem 4.
(i) If p1  σ1 , q1  2q2 − 1/p1 , ς2 < l < p1q1/max{k,1}, then the blow-up rate estimate (1.11) holds with (α,β) = (αl1, βl1).
(ii) If p1  σ1 , q1  2q2 − 1/p2 , ς8 < l <min{p2q1/max{ k+12 ,1},q1(2p2 − p1)}, then (1.11) holds with (α,β) = (αl2, βl2).
(iii) If p1  σ3 , q1  σ2 , ς6 < l <min{2p1q2/max{k,1} − 1,2p1q2/k − 1}, then (1.11) holds with (α,β) = (αl3, βl3).
(iv) If ς4 < l <min{2p2q2/max{ k+12 ,1} − 1,2q2(2p2 − p1) − 1} with p1  σ1 , q1  σ2 or p1  σ3 , q1  σ2 or p1  σ1 , q1  σ4 ,
then (1.11) holds with (α,β) = (αl4, βl4).
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boundary source coupling dominate the system respectively. While the cases (iii) and (iv) in the two theorems are con-
tributed to the more complicated ones with cross coupling dominations.
2. Absorption-related blow-up rates
We will establish the eight absorption-related simultaneous blow-up rates in this section. Since u′0, v ′0  0, u′′0 + vp10 −
uk0  0, v ′′0 + uq10 − vl0  0, it follows that solutions of (1.18) are monotonic with respect to t and x by the comparison
principle, which implies
U (t) = u(1, t) = max[0,1]×[0,t]u(x, τ ), V (t) = v(1, t) = max[0,1]×[0,t] v(x, τ ), t ∈ (0, T ), (2.1)
and hence the desired blow-up rates estimate (1.11) is equivalent to
c(T − t)−α  U (t) C(T − t)−α, c(T − t)−β  V (t) C(T − t)−β . (2.2)
Here and throughout the paper, c and C are used to represent positive constants independent of t , which may be different
from line to line.
Without loss of generality, we only treat the k-related case to prove Theorem 3. At ﬁrst establish the comparison rela-
tionship between u and v , namely, the following inequalities of the form
cV (t) U1/η(t) CV (t), t ∈ (0, T ) (2.3)
under different situations.
Lemma 2.1. Assume ς1 < k < p1q1/max{l,1} with p1  2p2 − 1/q1 , q1  σ2 . Then (2.3) holds with η = αk1/βk1 = p1/k.
Proof. Assume for contradiction that the ﬁrst inequality of (2.3) is not true for any c > 0. Then there exists a sequence
tn → T such that
lim
tn→T
(
V−1U1/η
)
(tn) = 0. (2.4)
We exploit the scaling method [6]. Let
ϕn(y, s) = u(1+ λn y, λ
2
ns + tn)
V η(tn)
, ψn(y, s) = v(1+ λn y, λ
2
ns + tn)
V (tn)
(2.5)
with λn = V 12 (
p1
k −p1)(tn) for (y, s) ∈ [−1/λn,0] × In(T ), In(t) = (−tn/λ2n, (t − tn)/λ2n). Then
ψn(0,0) = 1, 0ψn(y, s) 1, 0 ϕn(y, s)
(
V−ηU
)
(tn). (2.6)
Furthermore,
(ϕn)s, (ψn)s, (ϕn)y, (ψn)y  0 (2.7)
due to the monotonicity of the solution (u, v) with respect to t and x. A direct computation shows
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(ϕn)s = (ϕn)yy + λ2nV p1−ηψ p1n − λ2nV η(k−1)ϕkn, (y, s) ∈ (−1/λn,0) × In(T ),
(ψn)s = (ψn)yy + λ2nV q1η−1ϕq1n − λ2nV l−1ψ ln, (y, s) ∈ (−1/λn,0) × In(T ),
(ϕn)y(0, s) = λnV p2−ηψ p2n , (ϕn)y(−1/λn, s) = 0, s ∈ In(T ),
(ψn)y(0, s) = λnV q2η−1ϕq2n , (ψn)y(−1/λn, s) = 0, s ∈ In(T ).
(2.8)
We have
λ2nV
q1η−1 = V p1k −p1+ q1 p1k −1 → 0, as tn → T (2.9)
since k > ς1 = p1(1+q1)1+p1 . Similarly, ς1 < k < p1q1/max{l,1} implies
lim
tn→T
(
λ2nV
l−1)(tn) = 0. (2.10)
On the other hand, k < p1q1/max{l,1} implies k < p1q1, which with p1  2p2 − 1/q1 ensure
lim
tn→T
(
λnV
p2−η)(tn) = 0, (2.11)
and q1  σ2 = 2q2(p1+1)−1p1+2 with k > ς1 =
p1(1+q1)
1+p1 yield
lim
(
λnV
q2η−1)(tn) = 0. (2.12)
tn→T
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p1
k −p1)(tn) and η = p1/k that
λ2nV
p1−η = λ2nV η(k−1) ≡ 1. (2.13)
Together with (2.9)–(2.13), by the Schauder estimates to (2.8), there exists a subsequence, still denoted by {tn}, such that
(ϕn,ψn) → (ϕ,ψ) in C2+σ ,1+σ/2 with some σ ∈ (0,1) as tn → T , satisfying
{
ϕs = ϕyy + ψ p1 − ϕk, ψs = ψyy, (y, s) ∈ (−∞,0) × (−∞,0],
ϕy(0, s) = 0, ψy(0, s) = 0, s ∈ (−∞,0]. (2.14)
Since ϕ ≡ 0 by (2.4) and (2.6), we know ψ ≡ 0 from (2.14), which contradicts ψ(0,0) = 1.
Now show the second inequality in (2.3) is true also. Otherwise, there would be a sequence tn → T such that
lim
tn→T
(
V U−1/η
)
(tn) = 0. (2.15)
Let
ϕn(y, s) = u(1+ λn y, λ
2
ns + tn)
U (tn)
, ψn(y, s) = v(1+ λn y, λ
2
ns + tn)
U1/η(tn)
(2.16)
with λn = U 1−k2 (tn) for (y, s) ∈ [−1/λn,0] × In(T ), In(t) = (−tn/λ2n, (t − tn)/λ2n). Then
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
(ϕn)s = (ϕn)yy + λ2nU
p1
η −1ψ p1n − λ2nUk−1ϕkn, (y, s) ∈ (−1/λn,0) × In(T ),
(ψn)s = (ψn)yy + λ2nUq1−
1
η ϕ
q1
n − λ2nU
l−1
η ψ ln, (y, s) ∈ (−1/λn,0) × In(T ),
(ϕn)y(0, s) = λnU
p2
η −1ψ p2n , (ϕn)y(−1/λn, s) = 0, s ∈ In(T ),
(ψn)y(0, s) = λnUq2−
1
η ϕ
q2
n , (ψn)y(−1/λn, s) = 0, s ∈ In(T ).
(2.17)
Clearly,
ϕn(0,0) = 1, 0 ϕn(y, s) 1, 0ψn(y, s)
(
V U−1/η
)
(tn) (2.18)
hold with monotonicity (2.7). The deﬁnition λn = U 1−k2 (tn) implies
λ2nU
p1
η −1 = λ2nUk−1 ≡ 1. (2.19)
We know
λ2nU
q1− 1η = Uq1+1−k− kp1 → 0, as tn → T (2.20)
due to k > ς1, and
lim
tn→T
(
λ2nU
l−1
η
)
(tn) = 0 (2.21)
since ς1 < k < p1q1/max{l,1}. Moreover, k > ς1 with q1  σ2 imply that
lim
tn→T
(
λnU
q2− 1η )(tn) = 0. (2.22)
We get
lim
tn→T
(
λnU
p2
η −1)(tn) = 0 (2.23)
from k < p1q1 with p1  2p2 − 1/q1.
Together with (2.19)–(2.23), we know by the Schauder estimates to (2.17) that there exists a subsequence of {tn} (still
denoted by itself), such that (ϕn,ψn) → (ϕ,ψ) in C2+σ ,1+σ/2 with some σ ∈ (0,1) as tn → T , satisfying (2.14). Due to ψ ≡ 0
by (2.15), we know
{
ϕs = ϕyy − ϕk, (y, s) ∈ (−∞,0) × (−∞,0],
ϕy(0, s) = 0, s ∈ (−∞,0]. (2.24)
Since ϕs  0 by (2.7) with ϕ  0, we have ϕyy  0. Thus ϕyy ≡ 0 due to ϕy(0, s) ≡ 0 and ϕy  0 by (2.7). We arrive at
ϕ ≡ 0, which contradicts ϕ(0,0) = 1 from (2.16). 
Lemma 2.2. Assume ς7 < k < p1q2/max{ l+1 ,1} with p1  2p2 − 1/q2 , q1  σ2 . Then (2.3) holds with η = αk2/βk2 = p1/k.2
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η = p1/k, let λn = V 12 (
p1
k −p1)(tn), and deﬁne (ϕn,ψn) as (2.5). Then (ϕn,ψn) satisﬁes (2.6)–(2.8), and
λ2nV
p1−η = λ2nV η(k−1) ≡ 1. (2.25)
We know
λ2nV
q1η−1 = V p1k −p1+ q1 p1k −1 → 0, as tn → T (2.26)
since k > ς7 with q1  σ2. Similarly, we can get
lim
tn→T
(
λ2nV
l−1)(tn) = lim
tn→T
(
λnV
p2−η)(tn) = lim
tn→T
(
λnV
q2η−1)(tn) = 0 (2.27)
from ς7 < k < p1q2/max{ l+12 ,1}, p1  2p2 − 1/q1 with k < p1q2, and k > ς7, respectively. Together with (2.25)–(2.27), we
can use the Schauder estimates in (2.8) to get (2.14), and thus the desired conclusion.
As for the second inequality of (2.3), deﬁne (ϕn,ψn) as (2.16) with λn = U 1−k2 (tn). Then we have (2.17), (2.18), and
λ2nU
p1
η −1 = λ2nUk−1 ≡ 1. (2.28)
Moreover,
lim
tn→T
λ2nU
q1− 1η = lim
tn→T
λ2nU
l−1
η = lim
tn→T
λnU
q2− 1η = lim
tn→T
λnU
p2
η −1 = 0 (2.29)
from k > ς7 with q1  σ2, ς7 < k < p1q2/max{ l+12 ,1}, k > ς7, and k < p1q2 with p1  2p2 − 1/q2, respectively. We can get
the desired result via (2.17) and (2.24) with the similar procedure used for the proof of Lemma 2.1. 
Lemma 2.3. Assume ς5 < k < 2p2q1/max{l,1} − 1 with p1  σ1 , q1  σ4 . Then (2.3) holds with η = αk3/βk3 = 2p2/(k + 1).
Proof. To prove the ﬁrst inequality in (2.3), assume for contradiction that there exists a sequence tn → T such that
lim
tn→T
(
V−1U1/η
)
(tn) = 0 (2.30)
with η = 2p2k+1 . Deﬁne (ϕn,ψn) as (2.5) with λn = V η−p2 . Then, (ϕn,ψn) satisﬁes (2.6)–(2.8), and
λnV
p2−η = λ2nV η(k−1) ≡ 1. (2.31)
Moreover, we have
lim
tn→T
λ2nV
p1−η = lim
tn→T
λ2nV
q1η−1 = lim
tn→T
λ2nV
l−1 = lim
tn→T
λnV
q2η−1 = 0 (2.32)
from k > ς5 with p1  σ1, k > ς5, k < 2p2q1/max{l,1} − 1 with k > ς5, and k > ς5 with q1  σ4, respectively. Together
with (2.31) and (2.32), the Schauder estimates to (2.8) yield that there exists a subsequence, still denoted by {tn}, such that
(ϕn,ψn) → (ϕ,ψ) in C2+σ ,1+σ/2 with some σ ∈ (0,1) as tn → T , satisfying{
ϕs = ϕyy − ϕk, ψs = ψyy, (y, s) ∈ (−∞,0) × (−∞,0],
ϕy(0, s) = ψ p2 (0, s), ψy(0, s) = 0, s ∈ (−∞,0]. (2.33)
Since ϕ ≡ 0 by (2.30) and (2.5), we get ψ(0, s) ≡ 0 for any s ∈ (−∞,0] from (2.33), which contradicts ψ(0,0) = 1.
To prove the second inequality of (2.3), assume for contradiction that there exists a sequence tn → T such that
lim
tn→T
(
V U−1/η
)
(tn) = 0 (2.34)
with η = 2p2k+1 . Deﬁne (ϕn,ψn) as (2.16) with λn = U
1−k
2 (tn). Then, (ϕn,ψn) satisﬁes (2.17) and
λnU
p2
η −1 = λ2nUk−1 ≡ 1. (2.35)
Moreover,
lim
tn→T
λ2nU
p1
η −1 = lim
tn→T
λ2nU
q1− k+12p2 = lim
tn→T
λ2nU
q1− k+12p2 = lim
tn→T
λnU
q2− 1η = 0 (2.36)
come from k > ς5 with p1  σ1, k > ς5, k < 2p2q1/max{l,1} − 1 with k > ς5, and k > ς5 with q1  σ4, respectively.
By the Schauder estimates to (2.17) with (2.35) and (2.36), there exists a subsequence, still denoted by {tn}, such that
(ϕn,ψn) → (ϕ,ψ) in C2+σ ,1+σ/2 with some σ ∈ (0,1) as tn → T , satisfying (2.33). We know ψ ≡ 0 by (2.16) with (2.34).
This results in (2.24). The desired conclusion follows as that in the proof of Lemma 2.1. 
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q1  σ4 . Then (2.3) holds with η = αk4/βk4 = 2p2/(k + 1).
Proof. To prove the ﬁrst inequality of (2.3), assume for contradiction that there exists a sequence tn → T such that (2.30)
holds with η = 2p2/(k + 1). Deﬁne (ϕn,ψn) the same as (2.5) with λn = V η−p2(tn) and η = 2p2/(k + 1). Then (ϕn,ψn)
satisﬁes (2.6)–(2.8), and
λnV
p2−η = λ2nV η(k−1) ≡ 1. (2.37)
For k > ς3, p1  σ1 with q1  σ2, we have
lim
tn→T
(
λ2nV
p1−η)(tn) = lim
tn→T
(
λ2nV
q1η−1)(tn) = 0. (2.38)
It is easy to check that (2.38) is true also when k > ς3 with either p1  σ3, q1  σ2, or p1  σ1, q1  σ4. Moreover,
ς3 < k < 2p2q2/max{ l+12 ,1} − 1 gives
lim
tn→T
λ2nV
l−1(tn) = 0, (2.39)
and k > ς3 ensures
lim
tn→T
λnV
q2η−1(tn) = 0. (2.40)
Together with (2.37)–(2.40), the Schauder estimates to (2.8) conclude (2.33), and then the result follows.
For the second inequality in (2.3), assume for contradiction that there is a sequence tn → T such that (2.34) holds with
η = 2p2k+1 . Deﬁne (ϕn,ψn) the same as (2.16) with λn = U1−
p2
η . Then we have (2.17) and (2.35).
Since k > ς3, p1  σ1, q1  σ2 (or k > ς3, p1  σ3, or k > ς3, p1  σ1, q1  σ4), we have
lim
tn→T
(
λ2nU
p1
η −1)(tn) = 0. (2.41)
Similarly,
lim
tn→T
(
λ2nU
q1− 1η )(tn) = 0 (2.42)
due to k > ς3, p1  σ1, q1  σ2 (or k > ς3, p1  σ3, q1  σ2, or k > ς3, q1  σ4). Moreover,
lim
tn→T
(
λ2nU
l−1
η
)
(tn) = lim
tn→T
(
λnU
q2− 1η )(tn) = 0 (2.43)
because of ς3 < k < 2p2q2/max{ l+12 ,1} − 1. With (2.35) and (2.41)–(2.43), the Schauder estimates to (2.17) guarantee that
there exists a subsequence, still denoted by {tn}, such that (ϕn,ψn) → (ϕ,ψ) in C2+σ ,1+σ/2 with some σ ∈ (0,1) as tn → T ,
satisfying (2.33). Furthermore, ψ ≡ 0 by (2.16) with (2.34). This concludes (2.24), and thus the desired inequality. 
Proof of Theorem 3. Apply the scaling method [6] again. Set
ϕU (y, s) = u
(
1+ ay,a2s + t)/U (t), y ∈ [−1/a,0], s ∈ [−t/a2, (T − t)/a2),
ψV (y, s) = v
(
1+ by,b2s + t)/V (t), y ∈ [−1/b,0], s ∈ [−t/b2, (T − t)/b2).
Then
0 ϕU ,ψV  1, ϕU (0,0) = ψV (0,0) = 1, (ϕU )s, (ψV )s  0,
and ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
(ϕU )s = (ϕU )yy + a2U−1V p1ψ p1V − a2Uk−1ϕkU ,
(ψV )s = (ψV )yy + b2Uq1 V−1ϕq1U − b2V l−1ψ lV ,
(ϕU )y(0, s) = aU−1V p2ψ p2V , (ϕU )y(−1/a, s) = 0,
(ψV )y(0, s) = bUq2 V−1ϕq2U , (ψV )y(−1/a, s) = 0,
ϕU (y,0) = u0(ay + 1)/U (t), ψV (y,0) = v0(ay + 1)/V (t).
(2.44)
For the case of (iv), let
a = (UV−p2)(t), b = (U−q2 V )(t).
Then Lemma 2.4 with k < 2p2q2/max{ l+12 ,1} − 1 implies a,b → 0, and
aU−1V p2 = bUq2−1V−1 ≡ 1, a2Uk−1 = O(1). (2.45)
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lim
tn→T
(
a2U−1V p1
)
(tn) = 0. (2.46)
Next, k <min{2p2q2/max{ l+12 ,1} − 1,2p2(2q2 − q1) − 1} implies
lim
tn→T
b2Uq1 V−1(tn) = 0. (2.47)
Moreover,
lim
tn→T
(
b2V l−1
)
(tn) = lim
tn→T
(
aUq2 V−1
)
(tn) = 0 (2.48)
due to ς3 < k < 2p2q2/max{ l+12 ,1} − 1. Schauder’s estimates with (2.45)–(2.48) ensure that ϕU ,ψV are uniformly bounded
in C2+α,1+α/2. We claim that
(ψV )s(0,0) c
holds for some c > 0. Otherwise, there would be a sequence (ϕU j ,ψV j ) and nonnegative functions ϕ and ψ , such that
(ϕU j ,ψV j ) → (ϕ,ψ)
uniformly as t j → T , with
ψs(0,0) = 0, ϕs,ψs  0, 0 ϕ,ψ  1, ϕ(0,0) = ψ(0,0) = 1,
and {
ϕs = ϕyy − cψk, ψs = ψyy, (y, s) ∈ (−∞,0) × (−∞,0),
ϕy(0, s) = ψ p2 , ψy(0, s) = ϕq2 , s ∈ (−∞,0).
Set w = ψs . Then{
ws = wyy, (y, s) ∈ (−∞,0) × (−∞,0),
wy(0, s) = q2ϕq2−1ϕs, s ∈ (−∞,0).
By Hopf’s lemma, w = ψs ≡ 0, which means that ψ is independent of s, and thus{
ψyy = 0, y ∈ (−∞,0),
ψy(0) = ϕq2 (0, s), s ∈ (−∞,0). (2.49)
The boundary condition in (2.49) implies that ϕ(0, s) is independent of s. So ψy(0) = 1 due to ϕ(0,0) = 1. We have
ψ = 1+ y for y ∈ (−∞,0], which contradicts the boundedness of ψ .
The fact (ψV )s(0,0) C is obviously true by Schauder’s estimates.
Then, 0< c  (ψV )s(0,0) C implies
cU2q2 V−1  Vt  CU2q2 V−1. (2.50)
By Lemma 2.4, we have the blow-up rate for v that
c  V (t)(T − t)βk4  C
with
βk4 = (k + 1)/22p2q2 − (k + 1) .
Using Lemma 2.4 again, we obtain the blow-up rate for u:
c  U (t)(T − t)αk4  C
with
αk4 = p22p2q2 − (k + 1) .
For the case of (i), set
a = U1/2V−p1/2, b = U−q1/2V 1/2
in (2.44). Then, k < p1q1/max{l,1} guarantees a,b → 0, and
a2U−1V p1 = b2Uq1 V−1 ≡ 1, a2Uk−1 = O(1).
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lim
tn→T
aU−1V p2 = 0.
Moreover,
lim
tn→T
(
b2V l−1
)
(tn) = lim
tn→T
(
bUq2 V−1
)
(tn) = 0
due to ς1 < k < p1q1/max{l,1} with q1  σ2. Following the same step as that for the case of (iv), we can obtain
0< c  (ψV )s(0,0) C,
and thus
c  U (t)(T − t)αk1  C, c  V (t)(T − t)βk1  C
with
(αk1, βk1) =
(
p1
p1q1 − k ,
k
p1q1 − k
)
by Lemma 2.1.
For the case of (ii) with
a = U1/2V−p1/2, b = U−q2 V 1
in (2.44), we have a,b → 0 due to k < p1q2/max{ l+12 ,1}, and
a2U−1V p1 = bUq2 V−1 ≡ 1, a2Uk−1 = O(1).
In addition,
lim
tn→T
(
b2Uq1 V−1
)
(tn) = 0 for k < p1(2q2 − q1),
lim
tn→T
(
b2V l−1
)
(tn) = 0 for k < p1q2/max
{
l + 1
2
,1
}
,
lim
tn→T
(
aU−1V p2
)
(tn) = 0 for p1  2p2 − 1
q2
, k < p1q2/max
{
l + 1
2
,1
}
.
Following the same step as above, we can obtain
c  U (t)(T − t)αk2  C, c  V (t)(T − t)βk2  C
with
(αk2, βk2) =
(
p1
2(p1q2 − k) ,
k
2(p1q2 − k)
)
by Lemma 2.2.
Under the conditions of (iii) with
a = UV−p2 , b = U−q1/2V 1/2
in (2.44), we know a,b → 0 due to k < 2p2q1/max{l,1} − 1, and
aU−1V p2 = b2Uq1 V−1 ≡ 1, a2Uk−1 = O(1).
Moreover,
lim
tn→T
(
a2U−1V p1
)
(tn) = 0 for k > ς5, p1  σ1,
lim
tn→T
(
b2V l−1
)
(tn) = 0 for k < 2p2q1/max{l,1} − 1,
lim
tn→T
(
bUq2 V−1
)
(tn) = 0 for k > ς5, q1  σ4.
Following the same step as above, we can obtain
c  U (t)(T − t)αk3  C, c  V (t)(T − t)βk3  C
with
(αk3, βk3) =
(
2p2
2p2q1 − (k + 1) ,
k + 1
2p2q1 − (k + 1)
)
by Lemma 2.3. 
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We have shown that the complicated coupled system (1.18) (or (1.1)) admits total twelve simultaneous blow-up rates
under different dominations. The ﬁrst four of them, i.e. (α1, β1), . . . , (α4, β4) deﬁned by (1.10) and previously obtained
in [7], are all absorption-independent (Theorems 1 and 2). These absorption-independent ones require weaker absorptions
for both components u and v . For example, to get the rate (α1, β1) we need k  ς1, l  ς2 (see (i) of Theorems 1 and 2).
Now analyze the eight absorption-related blow-up rates, namely, the four k-related ones (αk1, βk1), . . . , (αk4, βk4) deﬁned
by (1.19) (Theorem 3) and the four l-related ones (αl1, βl1), . . . , (αl4, βl4) given by (1.20) (Theorem 4). It seems that the
unusual absorption-related blow-up rates are only admitted by coupled system with unbalanced absorptions. We can ﬁnd
that, e.g., the rate (αk1, βk1) requires ς1 < k < p1q1/max{l,1} in Theorem 3(i), which (together with the blow-up condition)
implies k > ς1 and l < ς2.
It is observed in Theorem 3 that just two different comparison relationships are associated to the four possible k-related
blow-up rates. In fact, we learn from Lemmas 2.1–2.4 that both rates (αk1, βk1) and (αk2, βk2) share η = αk1/βk1 = αk2/βk2 =
p1/k, and that two rates (αk3, βk3) and (αk4, βk4) have in common η = αk3/βk3 = αk4/βk4 = 2p2/(k + 1). This is because,
when the equation of component u admits a k-related blow-up rate (α,β) with a larger absorption exponent k (k > ς j ,
j = 1,3,5, or 7), then either inner source vp1 or boundary source vp2 there should just overcome the k-absorption at
the same level. For the domination from inner source vp1 , ‖u‖k∞ = O((T − t)kα) and ‖v‖p1∞ = O((T − t)p1β) should share
the same order. So, regardless the inner source vp1 -domination is realized via the source coupling vp1 -uq1 or the cross-
coupling vp1 -uq2 , the corresponding blow-up rates must satisfy η = αk1/βk1 = αk2/bk2 = p1/k. In addition, it is well known
that in heat equations the superlinear inner source up and boundary source up would contribute the blow-up rates with
(T − t)− 1p−1 and (T − t)− 12(p−1) respectively. Consequently, the contribution of the dominating boundary source vp2 (1, t) (or
equivalently up2β/α(1, t)) to the blow-up rate can be thought of being some inner source of u2p2β/α1−1. So, 2p2β/α − 1 = k,
i.e., η = α/β = αk4/βk4 = αk3/bk3 = 2p2/(k + 1), when the boundary source coupling vp2 -uq2 or the cross-coupling vp2 -uq1
dominates the system.
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